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Abstract: We discuss constraint structure of extended theories of gravitation (also known as f(R) theories) 
in the vacuum sclfdual formulation introduced in [1] . 



1. Introduction 

We have recently investigated a formulation of f(R) theories (in a metric-affine framework) 
based on non-linear actions similar to the Hoist Lagrangian; see [1]. These actions are in fact 
written in terms of the scalar curvature PR of the Barbero-Immirzi connection with parameter /3 
(see [2], [3]) and are dynamically equivalent to the corresponding "classical" f(R) theory. For 
the linear case /( ,8 R) = one obtains the standard Hoist action. Hence these new actions are 
to be understood as Barbero-Immirzi formulations of the corresponding classical f(R) theory. 

This could be interesting for at least two reasons: from the point of view of LQG this new 
formulation provides a family of models which are classically well-understood and investigated 
in detail (see [4], [5]). There are many classical effects known in f(R) theories that should be 
traced in their quantum genesis. The minisuperspace of these models is quite well-understood 
and should be studied in loop quantum cosmology (LQC) formulation (see [6]), to contribute 
to a better understanding of the classical limit of LQG models. Moreover, as in all metric- 
affine models, matter has a non-trivial feedback on the gravitational field which would be also 
interesting to trace in its quantum origin. It is often said that matter in LQG simply adds new 
labels to spin networks, while in these models one could expect a more complicated mechanism 
that would be certainly interesting to be discussed in detail. Finally, there are a number of 
equivalences, e.g. with scalar tensor models (see [7]), that again would be interesting to be 
discussed in detail at quantum level. Let us stress that these equivalences are known to hold 
at the classical level and, as usual, one should investigate whether they still hold at the full 
quantum level or just emerge classically. 

From the classical viewpoint we shall here provide a route to define a quantization a la loop 
of f(R) theories. Of course classical effects of these extended theories of gravitation have been 
extensively investigated. It is therefore interesting to investigate also their quantum effects. 
For example it would be interesting to see whether the removal of singularities that has been 
shown to hold in standard loop quantization of GR is preserved generically in these extended 
gravitational models. 

For the sake of simplicity we shall here restrict our attention to the Euclidean signature 
and to the selfdual formulation (which in the Euclidean sector is in fact a special case of the 
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Barbcro-Immirzi formulation) and show that one can apply LQG methods (sec [8]) also to the 
quantization of these theories. In vacuum we shall obtain something similar to Einstein gravity 
with a cosmological constant. This is very well expected on the basis of a classical equivalence 
(sec [9]); however, let us stress that our result seems to establish a stronger equivalence at the 
quantum level and not only at the classical level. 

Moreover, let us stress that the classical equivalence holds only in vacuum, while the equiv- 
alence is broken when generic matter is considered and the extended models are equivalent to 
scalar tensor theories; see [7]. Tracing the mechanism which leads to this shift of equivalence at 
the quantum level would be therefore rather interesting and will be investigated in forthcoming 
papers. We shall follow the notation introduced in [1] and [8]. 



2. Selfdual Formulation for Extended Theories 

In [1] we introduced 

f>R := R a \ v e»A + pR*^^**** (2.1) 

where is a spin frame (see [10]), R ab lw is the curvature of a spin connection wjf on a 4 
dimensional (spin) manifold M and (3 ^ is a real parameter. Indices a, c, . . . = 0..3 and 
fi,v,... = 0..3 while i,j,... = 1..3. 
In the Euclidean sector one obtains for /3 = i the standard selfdual curvature 

+R := R"\ w e'y h + \R a \ v e c » e dv t cdah (2.2) 

which can be written in terms of the curvature F* := p l ab R ab nv of the usual selfdual connection 

4 Po»< = < + ¥M k as follows 

\ + R = \R'\ W (<Jj$, + I £c /«) e'X = K d lw p\ d pte>y b = vf^A =: F (2.3) 



Here pf b denotes the algebra projector p : spin(4) — > su(2) on selfdual forms. It is given by 

^ J = h*i pf = -p- J 4 k = W k (2-4) 

and the inverse projector p l ab is denned by 

Phj = h s j PjO = -Puj P)k = ¥jk (2-5) 

One can easily prove that 

J. <ab ci i cd 1 ( xa zb ,1 ah \ / c\ 

PabPj = S J PabPi = 2 [ d \c d d] + l e cd) ( 2 -6) 



One is then led to consider the following family of Lagrangians 

L + = ±ef(F) + L m (2.7) 



where k — 8irG, e is the determinant of the frame matrix, / is a generic analytic function and 
L rn encodes the matter contribution. Usually matter is assumed to couple only with g (and 
possibly to its derivatives up to some finite order; usually, in view of minimal coupling principle, 
at most 1) and not to the connection wjf . Hereafter we shall just consider the vacuum sector, 
i.e. we set L m = 0. 

In the special case f(F) = F one obtains an equivalent formulation of the usual selfdual action 

L+ =± + R* A e c A e d e abcd = A. [r-\ w + \ e ab ef R e ^ v ) e c / a e^ 'e abcd ds = 

=±-R eS » v + \e ab eJ ) e c / a e^e abcd ds = ±& \ v pff ef e c p e d a e^e abcd ds = (2.8) 

=^ b F\ v ey a e^e abcd ds = %pf F\ w e^ h d S = fFds 

where ds is the standard local basis of 4-forms on M induced by coordinates. 
Field equations of the Lagrangian L + arc 



pf F; v ey v »°e abcd = 
*4V, (ejej) e"^ = 



(2.9) 



Let us now consider a Cauchy (boundary) surface i : S — > M : k A h-> x IJ (k), A,B, . . . = 1..3; 
in coordinates x' 1 = (t, k A ) adapted to the submanifold S one has i : k A i-> k A and Oax' 1 = 5^- 

The unit covector normal to 5 is given by n = dx°. One can use antiselfdual transformations to 
define a canonical adapted frame e a — eftd^ and coframc e a = e^dx^ (see [11]) given by 



= N~ L e V=0 \eZ = N e? = 



(2.10) 



Tetrads (or better spin frames; [10]) adapted to S define triads q = ej = afd^ on S. Also the 
selfdual connection can be projected onto 8 to define a connection A 1 ^ = A\dj^x^ on S. Let us 
denote by F\j$ = F]w^A xil ^B xV * ne projected curvature (which is the same as the curvature of 
the projected connection); for later convenience let us also define the tangent-normal projection of 
the curvature F^ = Fl v d J \xf'n 1 ' (of course the normal-normal projection vanishes due to the skew 
symmetry of F) . 

Let us also set E A = ee A for the momentum conjugated to the connection written in terms of 
the triad e A tangent to S, with e the determinant of the (co)triad e^. 



Field equations (2.9) can be projected onto S to obtain a number of evolution equations and 
the following constraints on S: 

VaE a = 

F\ B E A = (2-H) 
eJ k F\ B E A Ef, = 

These constitute the starting point of LQG quantization scheme; the first equation is related 
to gauge covariance, the second to Diff(S')-covariance; while the third equation is called the 
Hamiltonian constraint, when quantized it becomes the so-called Wheeler- deWitt equation and 
it encodes the (quantum) dynamics. In order to solve the first and second equation one de- 
fines an Hilbert space spanned by spin knots (see [8]) so that the Wheeler-deWitt equation is 
implemented as an operator on that space and it defines physical states. 
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On this basis one expects to be able to perform the same steps with extended models f(F); 
since the extended models are still gauge and generally covariant, the first and second equations 
are expected to remain unchanged. This would mean that the definition of Area and Volume 
operators are unchanged and "spacetime" gets discretized in extended models exactly as in 
standard LQG. Since extended models are known to provide a modified dynamics with respect 
to standard GR one also expect that the Wheeler-deWitt equation has to be modified. 

We shall hereafter compute the analogous of equations (2.11) for the action (2.7) in order to 
fully confirm our expectations. 



3. Constraint Structure 

Let us then consider the Lagrangian 

L + = fJ{F) (3.1) 

i.e. the purely gravitational part of (2.7). 
Field equations are 

f fpfK^a If el = 
\pfW tl (ef'e^ b )=0 

The master equation f'F — 2/ = is obtained by tracing the first one by means of e\\ see [1] 
and [9] . This can be replaced back into the first equation to obtain 

/' {pf - \Fe b v ) = =>p?i^e£-iFet = (3.3) 

where we used the fact that generically /' ^ on the zeroes of the master equation. For 
simplicity let us assume that the master equation has only one (simple) zero F — p; when 
there are many (simple) zeroes each of them defines a sector of the quantum theory and one is 
supposed to sum over all sectors, which are in correspondence with the discrete zero structure 
of the analytic function /. 

Let us also define a conformal tetrad e° = \/|/'|e°, set a = sgn(/'(p)) and use tilde to denote 
quantities depending on the conformal tetrad, e.g. Ef — eef = \f'\Ef and 

F=pf'F; j ^i'^fF (3.4) 



Field equations are hence equivalent to 



f'F — 2/ = => F = p (3.5) 



pfV l Aee'X) = 
The third equation implies the constraint 



V A Ef = (3.6) 



as in the standard case, though for the conformal frame e a . 
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The second equation can be now expanded as 
F = pfF^el = 2pfF; v ~effi + pf i^ef e\ = -F\ef + \e/ k F\ B ifi^ = fp (3.7) 
which allows us to express F\ef as a function of constrained fields, i.e. 

Notice that the first equation is really different from the standard case (i.e. LQG without 
cosmological constant) due to the different coefficient j (which in the standard case is \ and 
allows a complete cancellation of F l A ef). The standard case in LQG can be recovered by setting 
f(F) = F; in this case the master equation simply implies F = and the standard case 
without cosmological constant is obtained in particular. The first equation can be projected in 
the normal direction to the constraint to obtain 

(ptF^K - \Fet) e » Q = (3.9) 

P>°f;,^ - iF5° d = => (3.10) 
F^?e» d + lF5° d = (3.11) 

For d = k = 1..3 one has 

F\ B ~4~4 = => F\ B Ef = (3.12) 
For d = one has instead 

Fief + \F = (3.13) 
and, using (3.7) and (3.8), one obtains 

Z A 1 £™ 2 A _L 1 c lk Tpi 2 A 2 B — 1 F ! '• c A _L 1 c lk T?i ^A~B _ 
r A e i ~ 2 r A e t "+" 4 £ ! ?AB e l e k ~ 2 r A e i "+" J e t r AB e l e k ~ 



(3.14) 

^W'T = fP (3.15) 



1 , Ik jpi ~A~B a . i 1 , Ik j?i _ 1 , Ik jpi ~A 2 B a n _ n 

4 e « f iB 6 ( e fc ~~ 2fP 4 £ ' AB^l e k ~ 2 € i r ABH e k " 2fP — u 

Ik n ~A~B 



c 



F\ B E?E* = fp~e z = fpE (3.16) 
where E := det(eef ) = e 3 e _1 = e 2 denotes the determinant of the conformal momentum Ef. 

Let us stress that all this can be done also in the standard LQG framework, though in that 
case F\ does not enter other constraints and hence can be ignored. 

Accordingly, the constraints can be written in terms of the conformal triad as follows 

V A Ef = 

F\ B Et = (3-17) 
zi k F\ B EfEl = fpE 

As expected, the first and second constraints are unchanged with respect to (2.11), while the 
Wheeler-dcWitt equation is modified by the "source term" j?pE, which explicitly depends on 
the non-linearity of f(F). This is the quantum counterpart of what happens classically for 
f(R) theories and reflects also what happens in standard LQG with the cosmological constant 
A = — see Appendix A. Let us also notice that the third constraint is a density, which is 
fundamental in the approach to quantization proposed by Thiemann; see [12]. 
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4. Conclusions and Perspectives 



We have shown that, in the generic extended models introduced in [1], constraints allows 
a loop theory approach to quantization formally similar to what one usually does in vacuum 
models with cosmological constant. This shows that the equivalence between f(R) models and 
Einstein with cosmological constant (shown in [9] to hold in the classical theory) holds also at 
the quantum level. 

Of course more attention should be paid when matter couplings are considered, when this 
equivalence is known to break and is replaced at least by a conformal equivalence. 

Also the whole Hamiltonian structure of the theory should be verified in detail to exclude 
second class constraints which might add further equations to the set (3.17). These constraints 
(3.17) are in any case necessary conditions on the boundary S. Since from them discretization 
of "spacetime" follows one can claim in any event that extended spacetimes are discretized as 
in standard LQG. 



Appendix A. LQG with Cosmological Constant 

Let us here briefly review the standard result for LQG quantization in vacuum with cosmo- 
logical constant in order to compare it with what we found for extended models. 

Let us consider the Lagrangian 



L A = ( + R ab + f e a A e") A e c A e d e abcd = (\ + R a \ v + §e#) e c / a e^ e abcd ds 
=e (\ + R a \ lv e>:ey^ d e abai . + £ e abcd e abcd ) ds = 2e (+R ab ^effi + 2A) ds 



\pfV M (e^) e'^e abcd = 

By projecting on the boundary S one gets the following constraints 

f A 

VaE? = 



(Al) 



which can also be written in terms of the selfdual curvature as 

La = (2 P fF i + f e a A e b ) A e c A e d e abcd (A.2) 

By varying this Lagrangian one gets the following field equations 



(A3) 



I ei jk F> AB EfE? = -AKE 

which account for the value of the cosmological constant as claimed after (3.17) in which, 
however, the conformal frame was used. 
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